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Abstract
Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v > 1. In this
paper we show that the Friedrichs extension of both the Laplace-Beltrami operator and the Hodge-Kodaira
Laplacian acting on functions has discrete spectrum. Moreover we provide some estimates for the growth of
the corresponding eigenvalues and we use these estimates to deduce that the associated heat operators are
trace-class. Finally we give various applications to the Hodge-Dolbeault operator and to the Hodge-Kodaira
Laplacian in the setting of Hermitian complex spaces of complex dimension 2.
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Introduction
Complex projective varieties endowed with the Fubini-Study metric, and more generally Hermitian complex
spaces, provide an important class of singular spaces with a rich and beautiful interplay between analysis,
geometry and topology. On the analytic side an active research field is given by the study of the L2 properties of
the natural differential operators arising in this setting, such as the Dolbeault operator, the de Rham differential
and the associated Dirac operators and Laplacians. Just to cite a small portion of the literature devoted to
these questions we can mention here [8], [9], [17], [21], [23], [24], [25], [26], [27], [29], [30] and [35]. The topics
usually investigated in these papers include the existence of self-adjoint extensions with discrete spectrum for the
Hodge and the Hodge-Kodaira Laplacians, the L2-∂-cohomology and L2-de Rham cohomology, the L2-Stokes
theorem for the de Rham operator and so on. Let us now carry on by explaining the main goal of this paper:
consider a compact and irreducible Hermitian complex space (X,h). We are interested in the properties of the
Laplace-Beltrami operator and the Hodge-Kodaira Laplacian acting on functions
∆ : C∞c (reg(X))→ C∞c (reg(X)) (1)
∆∂ : C
∞
c (reg(X))→ C∞c (reg(X)) (2)
where both the operators above are viewed as unbounded, densely defined and closable operators acting on
L2(reg(X), h). Our main results show the existence of a self-adjoint extension with discrete spectrum for both
(1) and (2) with an estimate for the growth of the corresponding eigenvalues. Let us go into some more details
by describing how the paper is sort out. The first section contains some background materials. The second
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section is the main one and is devoted to the study of (1) and (2). The first result we prove is a Sobolev
embedding theorem in the setting of compact and irreducible Hermitian complex spaces:
Theorem 0.1. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v. Then
we have the following properties:
1. W 1,20 (reg(X), h) = W
1,2(reg(X), h).
2. Assume that v > 1. Then we have a continuous inclusion W 1,2(reg(X), h) ↪→ L 2vv−1 (reg(X), h).
3. Assume that v > 1. Then we have a compact inclusion W 1,2(reg(X), h) ↪→ L2(reg(X), h).
Then we proceed by using the above result to show the existence of a self-adjoint extension with discrete
spectrum of (1) providing in addition an asymptotic estimate for the growth of the corresponding eigenvalues:
Theorem 0.2. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v > 1.
Consider the Laplace-Beltrami operator ∆ : C∞c (reg(X))→ C∞c (reg(X)) and let
∆F : L2(reg(X), h)→ L2(reg(X), h) (3)
be its Friedrichs extension. Then (3) has discrete spectrum and
{f ∈ C∞(reg(X)) : f ∈ L2(reg(X), h), df ∈ L2Ω1(reg(X), h), dt(df) ∈ L2(reg(X), h)} (4)
is a core domain for (3).
Let
0 = λ1 < λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (3). Then
lim inf λkk
− 1v > 0 (5)
as k →∞. Finally let
e−t∆
F
: L2(reg(X), h)→ L2(reg(X), h) (6)
be the heat operator associated to (3). Then (6) is a trace class operator and its trace satisfies the following
estimate
Tr(e−t∆
F
) ≤ C volh(reg(X))t−v (7)
for 0 < t ≤ 1 and for some constant C > 0.
We observe that in the setting of complex projective varieties whose regular part is endowed with the Fubini-
Study metric Th. 0.1 and Th. 0.2 have been proved in [17]. Moreover Th. 0.2 had been already proved in
[20] and [28] in the setting of projective varieties with isolated singularities and complex dimension 2 and 3
respectively. Concerning (2) we prove similar results that we can summarize in the next two theorems:
Theorem 0.3. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v. There
exist positive constants a and b such that for each f ∈ C∞c (reg(X)) we have
‖df‖2L2Ω1(reg(X),h) ≤ a‖f‖2L2(reg(X),h) + b‖∂f‖2L2Ω0,1(reg(X),h). (8)
Assume now that v > 1.Consider the Hodge-Kodaira Laplacian acting on functions ∆∂ : C
∞
c (reg(X)) →
C∞c (reg(X)) and let
∆F
∂
: L2(reg(X), h)→ L2(reg(X), h) (9)
be its Friedrichs extension. We have the following properties:
1. Let f ∈ L2(reg(X), h). Then f ∈ D(∂min) if and only if f ∈ W 1,2(reg(X), h). Moreover the graph norm
induced by ∂min and the norm of W
1,2(reg(X), h) are equivalent. Therefore, at the level of topological
vector spaces, we have the following equality: D(∂min) = W 1,2(reg(X), h).
2. We have a continuous inclusion D(∂min) ↪→ L 2vv−1 (reg(X), h) where D(∂min) is endowed with the corre-
sponding graph norm.
3. The natural inclusion D(∂min) ↪→ L2(reg(X), h) is a compact operator where D(∂min) is endowed with the
corresponding graph norm.
2
4. The operator ∆F
∂
in (9) has discrete spectrum.
Theorem 0.4. In the setting of Th. 0.3. Let (a, b) be any pair of positive numbers such that (8) holds true.
Let
0 = λ1 < λ2 ≤ λ3 ≤ ... and 0 = µ1 < µ2 ≤ µ3 ≤ ...
be the eigenvalues of (3) and (9) respectively. Then we have the following inequalities
µk ≤ λk ≤ a+ bµk (10)
for each k ∈ N. As a first consequence we have
lim inf µkk
− 1v > 0 (11)
as k →∞. Finally let
e−t∆
F
∂ : L2(reg(X), h)→ L2(reg(X), h) (12)
be the heat operator associated to (9). Then (12) is a trace class operator and its trace satisfies the following
estimates
e−at Tr(e−tb∆
F
∂ ) ≤ Tr(e−t∆F ) ≤ Tr(e−t∆F∂ ) (13)
and, for each 0 < t ≤ 1,
Tr(e−t∆
F
∂ ) ≤ r volh(reg(X))t−v (14)
where r is some positive constant.
We remark that if sing(X) is made of isolated points then the fact that (9) has discrete spectrum is contained
in [29]. Furthermore we stress the fact that Th. 0.1, Th. 0.2, Th. 0.3 and Th. 0.4 do not require assumptions
either on the dimension of X or on sing(X). The remaining part of the second section contains some applications
and corollaries of the above theorems. Finally the third section is devoted to the Hodge-Kodaira Laplacian and
the Hodge-Dolbeault operator in the setting of Hermitian complex spaces of complex dimension 2. More precisely
thanks to the above theorems we are able to extend to the case of 2-dimensional Hermitian complex spaces the
results proved in [2] in setting of complex projective surfaces. We conclude this introduction by recalling the
following theorem from the third section. We refer to the first section for the definition of ∆∂,2,q,abs.
Theorem 0.5. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v = 2.
For each q = 0, 1, 2 we have the following properties:
1. ∆∂,2,q,abs : L
2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h) has discrete spectrum.
2. ∂2,max + ∂
t
2,min : L
2Ω2,•(reg(X), h)→ L2Ω2,•(reg(X), h) has discrete spectrum.
3. ∆F
∂,2,q
: L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h) has discrete spectrum.
Let q ∈ {0, 1, 2} and consider the operator
∆∂,2,q,abs : L
2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h). (15)
Let
0 ≤ λ1 ≤ λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (15). Then we have the following asymptotic inequality
lim inf λkk
− 12 > 0 (16)
as k →∞.
Consider now the heat operator associated to (15)
e−t∆∂,2,q,abs : L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h). (17)
Then (17) is a trace class operator and its trace satisfies the following estimate
Tr(e−t∆∂,2,q,abs) ≤ Cqt−2 (18)
for t ∈ (0, 1] and some constant Cq > 0.
Acknowledgments. This work was performed within the framework of the LABEX MILYON (ANR-10-LABX-
0070) of Universite´ de Lyon, within the program ”Investissements d’Avenir” (ANR-11-IDEX-0007) operated by
the French National Research Agency (ANR).
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1 Background material
We start with a brief reminder about Lp-spaces and differential operators. Let (M, g) be an open and possibly
incomplete Riemannian manifold of dimension m and let E be a vector bundle over M of rank k endowed with
a metric ρ. Let dvolg be the one-density associated to g. For every p with 1 ≤ p <∞ Lp(M,E, g) is defined as
the space of measurable sections s such that
‖s‖Lp(M,E,g) :=
(∫
M
|s|pρ dvolg
)1/p
<∞
where |s|ρ := (ρ(s, s))1/2. For each p ∈ [1,∞) we have a Banach space, for each p ∈ (1,∞) we have a reflexive
Banach space and in the case p = 2 we have a Hilbert space whose inner product is given by
〈s, t〉L2(M,E,g) :=
∫
M
ρ(s, t) dvolg .
Moreover C∞c (M,E), the space of smooth sections with compact support, is dense in L
p(M,E, g) for p ∈ [1,∞).
Finally L∞(M,E, ρ) is defined as the space of measurable sections whose essential supp is bounded. Also in
this case we get a Banach space. Consider now another vector bundle F over M endowed with a metric τ . Let
P : C∞c (M,E) −→ C∞c (M,F ) be a differential operator of order d. The formal adjoint of P is the differential
operator
P t : C∞c (M,F ) −→ C∞c (M,E)
uniquely characterized by the following property: for each u ∈ C∞c (M,E) and for each v ∈ C∞c (M,F ) we have∫
M
ρ(u, P tv) dvolg =
∫
M
τ(Pu, v) dvolg .
From now on we restrict ourselves to the L2 setting. We can look at P as an unbounded, densely defined
and closable operator acting between L2(M,E, g) and L2(M,F, g). In general P admits several different closed
extensions. We recall now the definitions of the maximal and the minimal one. The domain of the maxi-
mal extension of P : L2(M,E, g) −→ L2(M,F, g) is defined as D(Pmax) := {s ∈ L2(M,E, g) : there is v ∈
L2(M,F, g) such that ∫
M
ρ(s, P tφ) dvolg =
∫
M
τ(v, φ) dvolg
for each φ ∈ C∞c (M,F, g)}. In this case we put Pmaxs = v. In other words the maximal extension of P is the
one defined in the distributional sense. The domain of the minimal extension of P : L2(M,E, g) −→ L2(M,F, g)
is defined as D(Pmin) := {s ∈ L2(M,E, g) such that there is a sequence {si} ∈ C∞c (M,E) with
si → s in L2(M,E, g) and Psi → w in L2(M,F, g)
to some w ∈ L2(M,F, g)}. We put Pmins = w. Briefly the minimal extension of P is the closure of C∞c (M,E)
under the graph norm ‖s‖L2(M,E,g) + ‖Ps‖L2(M,F,g). It is immediate to check that
P ∗max = P
t
min and that P
∗
min = P
t
max (19)
that is P tmax /min : L
2(M,F, g)→ L2(M,E, g) is the Hilbert space adjoint of Pmin /max respectively. We proceed
now by recalling the notion of Sobolev space associated to a metric connection. Consider again a vector
bundle E endowed with the metric ρ. Let ∇ : C∞(M,E) −→ C∞(M,T ∗M ⊗ E) be a metric connection,
that is a connection which satisfies the following property: for each s, v ∈ C∞(M,E) we have d(h(s, v)) =
ρ(∇s, v) + ρ(s,∇v). Clearly ρ and g induce in a natural way a metric on T ∗M ⊗ E that we label by ρ˜.
Let ∇t : C∞c (M,T ∗M ⊗ E) −→ C∞c (M,E) be the formal adjoint of ∇ with respect to ρ˜ and g. Then the
Sobolev space W 1,2(M,E) is defined in the following way: W 1,2(M,E) := {s ∈ L2(M,E) : there is v ∈
L2(M,T ∗M ⊗ E) such that ∫
M
ρ(s,∇tφ) dvolg =
∫
M
ρ˜(v, φ) dvolg
for each φ ∈ C∞c (M,T ∗M ⊗ E)}. Looking at ∇ as a differential operator we have W 1,2(M,E) = D(∇max).
Moreover we have also the Sobolev space W 1,20 (M,E) whose definition is the following: W
1,2
0 (M,E) := {s ∈
L2(M,E) such that there is a sequence {si} ∈ C∞c (M,E) with
si → s in L2(M,E) and ∇si → w in L2(M,T ∗M ⊗ E)
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to some w ∈ L2(M,T ∗M ⊗ E)}. Similarly to previous case we have W 1,20 (M,E) = D(∇min). Clearly
W 1,2(M,E) and W 1,20 (M,E) are two Hilbert spaces. Concerning the notation, when E is the trivial bundle
M ×R, we will write W 1,2(M, g) and W 1,20 (M, g). In this case it is straightforward to check that W 1,2(M, g) =
D(dmax) and W 1,20 (M, g) = D(dmin) where dmax /min is respectively the maximal/minimal extension of the de
Rham operator acting on functions d : L2(M, g) → L2Ω1(M, g). We recall now the following results as they
will be used later.
Proposition 1.1. Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension m > 2.
Let U ⊂M be an open subset with compact closure. Then we have the following continuous inclusion
W 1,20 (U, g|U ) ↪→ L
2m
m−2 (U, g|U ).
Proof. Since U is compact there exists a compact submanifold with boundary N ⊂M such that U ⊂ A where
with A we label the interior of N . Therefore we have a continuous inclusion W 1,20 (U, g|U ) ↪→ W 1,20 (A, g|A).
Moreover, according to [1] Th. 2.30, we have a continuous inclusion W 1,20 (A, g|A) ↪→ L
2m
m−2 (A, g|A). Therefore
the statement of this proposition follows composing the two continuous inclusions
W 1,20 (U, g|U ) ↪→W 1,20 (A, g|A) ↪→ L
2m
m−2 (A, g|A)
and noticing that ‖f‖
L
2m
m−2 (U,g|U )
= ‖f‖
L
2m
m−2 (A,g|A)
for each f ∈W 1,20 (U, g|U ).
Proposition 1.2. Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension m. Let
Y ⊂M be a submanifold of M and let h be the Riemannian metric on Y given by h := i∗Y g where iY : Y →M
is the canonical inclusion. Let ω ∈ Ωk(M) ∩ L∞Ωk(M, g). Then i∗Y ω ∈ L∞Ωk(Y, h) and
‖i∗Y ω‖L∞Ωk(Y,h) ≤ ‖ω‖L∞Ωk(M,g).
Proof. This follows decomposing T ∗M |Y as T ∗M |Y = T ∗Y ⊕N∗Y , with N∗Y = (T ∗Y )⊥, and then performing an
easy calculation of linear algebra. See for instance the remark in [26] page 611.
In the remaining part of this introductory section we specialize in the case of complex manifolds. Our aim
here is to introduce some notations and to recall some results from the general theory of Hilbert complexes
applied to the Dolbeault complex. We invite the reader to consult [6] for the proofs. Assume that (M, g) is a com-
plex manifold of real dimension 2m. As usual with Λp,q(M) we denote the bundle Λp(T 1,0M)∗⊗Λq(T 0,1M)∗ and
by Ωp,q(M), Ωp,qc (M) we denote respectively the space of sections, sections with compact support, of Λ
p,q(M).
On the bundle Λp,q(M) we consider the Hermitian metric induced by g and with a little abuse of notation we still
label it by g. With L2Ωp,q(M, g) we denote the Hilbert space of L2-(p, q)-forms. The Dolbeault operator acting
on (p, q)-forms is labeled by ∂p,q : Ω
p,q(M)→ Ωp,q+1(M) and similarly we have the operator ∂p,q : Ωp,q(M)→
Ωp+1,q(M). When we look at ∂p,q : L
2Ωp,q(M, g)→ L2Ωp,q+1(M, g) as an unbounded and densely defined oper-
ator with domain Ωp,qc (M) we label by ∂p,q,max /min : L
2Ωp,q(M, g)→ L2Ωp,q+1(M, g) respectively its maximal
and minimal extension. Analogous meaning has the notation ∂p,q,max /min : L
2Ωp,q(M, g) → L2Ωp+1,q(M, g).
In the case of functions we will simply write ∂ : C∞(M) → Ω0,1(M), ∂max /min : L2(M, g) → L2Ω0,1(M, g)
and analogously ∂ : C∞(M) → Ω1,0(M) and ∂max /min : L2(M, g) → L2Ω1,0(M, g). With ∂tp,q : Ωp,q+1c (M) →
Ωp,qc (M) and ∂
t
p,q : Ω
p+1,q
c (M) → Ωp,qc (M) we mean the formal adjoint of ∂p,q : Ωp,qc (M) → Ωp,q+1c (M) and
∂p,q : Ω
p,q
c (M)→ Ωp+1,qc (M) respectively. It is easy to check that if ω ∈ D(∂p,q,max /min) then ∂p,q,max /minω ∈
ker(∂p,q+1,max /min). In this way we get two complexes, the minimal Dolbeault complex and maximal Dolbeault
complex, which are in particular Hilbert complexes in the sense of Bru¨ning-Lesch [6]. The maximal and the
minimal L2-∂-cohomology of (M, g) is respectively the cohomology of the maximal and the minimal Dolbeault
complex, that is:
Hp,q
2,∂max
(M, g) :=
ker(∂p,q,max)
im(∂p,q−1,max)
and Hp,q
2,∂min
(M, g) :=
ker(∂p,q,min)
im(∂p,q−1,min)
. (20)
It is not difficult to see that if Hp,q
2,∂max
(M, g) is finite dimensional then im(∂p,q−1,max) is closed and analogously
if Hp,q
2,∂min
(M, g) is finite dimensional then im(∂p,q−1,min) is closed. Also in this case we remark that analogous
definitions and constructions hold for the complexes associated to ∂p,q,max /min. Consider now the Hodge-
Kodaira Laplacian
∆∂,p,q : Ω
p,q
c (M)→ Ωp,qc (M), ∆∂,p,q := ∂p,q−1 ◦ ∂
t
p,q−1 + ∂
t
p,q ◦ ∂p,q.
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In the case of functions, that is (p, q) = (0, 0), we will simply write ∆∂ : C
∞
c (M) → C∞c (M). We recall the
definition of two important self-adjoint extensions of ∆∂,p,q:
∂p,q−1,max ◦ ∂tp,q−1,min + ∂
t
p,q,min ◦ ∂p,q,max : L2Ωp,q(M, g)→ L2Ωp,q(M, g) (21)
and
∂p,q−1,min ◦ ∂tp,q−1,max + ∂
t
p,q,max ◦ ∂p,q,min : L2Ωp,q(M, g)→ L2Ωp,q(M, g) (22)
called respectively the absolute and the relative extension. The operator (21), the absolute extension, is labeled
in general with ∆∂,p,q,abs and its domain is given by
D(∆∂,p,q,abs) =
{
ω ∈ D(∂p,q,max) ∩ D(∂tp,q−1,min) : ∂p,q,maxω ∈ D(∂
t
p,q,min) and ∂
t
p,q−1,minω ∈ D(∂p,q−1,max)
}
.
The operator (22), the relative extension, is labeled in general with ∆∂,p,q,rel and its domain is given by
D(∆∂,p,q,rel) =
{
ω ∈ D(∂p,q,min) ∩ D(∂tp,q−1,max) : ∂p,q,minω ∈ D(∂
t
p,q,max) and ∂
t
p,q−1,maxω ∈ D(∂p,q−1,min)
}
.
Briefly ∆∂,p,q,abs are the Laplacians associated to the maximal Dolbeault complex while ∆∂,p,q,rel are the
Laplacians associated to the minimal Dolbeault complex. Consider now the Hodge-Dolbeault operator ∂p+∂
t
p :
Ωp,•c (M) → Ωp,•c (M) where Ωp,•c (M) stands for
⊕m
q=0 Ω
p,q
c (M). We can define two self-adjoint extensions of
∂p + ∂
t
p taking
∂p,max + ∂
t
p,min : L
2Ωp,•(M, g)→ L2Ωp,•(M, g) (23)
∂p,min + ∂
t
p,max : L
2Ωp,•(M, g)→ L2Ωp,•(M, g) (24)
where clearly L2Ωp,•(M, g) =
⊕m
q=0 L
2Ωp,q(M, g). The domain of ∂p,max + ∂
t
p,min is given by D(∂p,max) ∩
D(∂tp,min) where D(∂p,max) =
⊕m
q=0D(∂p,q,max) and D(∂
t
p,min) =
⊕m
q=0D(∂
t
p,q,min). Analogously the domain
of ∂p,min + ∂
t
p,max is given by D(∂p,min) ∩ D(∂
t
p,max) where D(∂p,min) =
⊕m
q=0D(∂p,q,min) and D(∂
t
p,max) =⊕m
q=0D(∂
t
p,q,max). In this case we can look at ∂p,min /max + ∂
t
p,max /min as the Dirac operator associated to the
minimal/maximal Dolbeault complex respectively. Clearly, if we replace the operator ∂p,q with ∂p,q, then we
get the analogous definitions and properties for the operators ∂p,q,max /min, ∆∂,p,q, ∆∂,p,q,abs / rel, ∂q + ∂
t
q and
∂q,max /min + ∂
t
q,min /max. Moreover, according to [16] page 116, we have
∂tp,q = − ∗ ∂m−q,m−p−1 ∗ and ∂
t
p,q = − ∗ ∂m−q−1,m−p∗ (25)
and from these relations we easily get that
∂tp,q,max /min = − ∗ ∂m−q,m−p−1,max /min ∗ and ∂
t
p,q,max /min = − ∗ ∂m−q−1,m−p,max /min∗ (26)
where ∗ : L2Ωp,q(M, g)→ L2Ωm−q,m−p(M, g) is the unitary operator induced by the Hodge star operator. Now
let us label by
c : T 1,0M → T 0,1M (27)
the C-antilinear map given by complex conjugation. With a little abuse of notation we label again by
c : Λp,q(M)→ Λq,p(M) (28)
the natural map induced by (27) and, still with a little abuse of notation, we label by c the induced map on
(p, q)-forms, that is
c : Ωp,q(M)→ Ωq,p(M). (29)
Clearly both (28) and (29) are C-antilinear isomorphisms whose corresponding inverse is given by c : Λq,p(M)→
Λp,q(M) and c : Ωq,p(M)→ Ωp,q(M) respectively. Moreover (29) induces an isomorphism
c|Ωp,qc (M) : Ωp,qc (M)→ Ωq,pc (M). (30)
We have the following well known properties:
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Proposition 1.3. In the setting described above. On Ωp,q(M) the following properties hold true:
1. ∂p,q = c ◦ ∂q,p ◦ c.
2. ∂
t
p,q = c ◦ ∂tq,p ◦ c
Proof. For the first point see for instance [34] Prop. 3.6. The second point follows using the first point, (25)
and the fact that the Hodge star operator commutes with the complex conjugation.
Now consider again M endowed with a Hermitian metric g. For each ω ∈ Ωp,qc (M) it is easy to check that
g(ω, ω) = g(c(ω), c(ω)). Using this equality and the other properties recalled above, we easily get that c induces
a C-antilinear operator
c : L2Ωp,q(M, g)→ L2Ωq,p(M, g) (31)
which is bijective, continuous, with continuous inverse given by c : L2Ωq,p(M, g)→ L2Ωp,q(M, g) and such that
‖η‖L2Ωp,q(M,g) = ‖c(η)‖L2Ωq,p(M,g) for each η ∈ L2Ωp,q(M, g). Finally we conclude this introductory section
with the following proposition.
Proposition 1.4. In the setting described above. The following properties hold true:
1. c
(D(∂p,q,max)) = D(∂q,pmax) and ∂p,q,max = c ◦ ∂q,p,max ◦ c.
2. c
(D(∂p,q,min)) = D(∂q,pmin) and ∂p,q,min = c ◦ ∂q,p,min ◦ c.
3. c
(
D(∂tp,q,max)
)
= D(∂tq,pmax) and ∂
t
p,q,max = c ◦ ∂tq,p,max ◦ c.
4. c
(
D(∂tp,q,min)
)
= D(∂tq,pmin) and ∂
t
p,q,min = c ◦ ∂tq,p,min ◦ c.
5. ∗
(
D(∆∂,p,q,abs)
)
= D(∆∂,m−q,m−p,rel) and ∗ ◦∆∂,p,q,abs = ∆∂,m−q,m−p,rel ◦ ∗.
6. ∗
(
c(D(∆∂,p,q,abs))
)
= D(∆∂,m−p,m−q,rel) and ∗ ◦ c ◦∆∂,p,q,abs = ∆∂,m−p,m−q,rel ◦ ∗ ◦ c.
Proof. This follows immediately by (26), Prop. 1.3 and the properties of (31).
2 Main results
This section contains the main results of this paper. We address the question of the existence of self-adjoint
extensions with discrete spectrum for both the Laplace-Beltrami operator and the Hodge-Kodaira Laplacian
acting on functions in the setting of compact and irreducible Hermitian complex spaces. We will show that
in both cases the Friedrichs extension has discrete spectrum. Moreover we will provide an estimate for the
growth of the corresponding eigenvalues. For the definition and the main properties of the Friedrichs extension
we refer to [18]. Concerning the topic of complex spaces we refer to [10] and [12]. Here we recall that an
irreducible complex space X is a reduced complex space such that reg(X), the regular part of X, is connected.
Furthermore we recall that a paracompact and reduced complex space X is said Hermitian if the regular part
of X carries a Hermitian metric h such that for every point p ∈ X there exists an open neighborhood U 3 p
in X, a proper holomorphic embedding of U into a polydisc φ : U → DN ⊂ CN and a Hermitian metric g on
DN such that (φ|reg(U))∗g = h, see for instance [22] or [30]. In this case we will write (X,h) and with a little
abuse of language we will say that h is a Hermitian metric on X. Clearly any analytic sub-variety of a complex
Hermitian manifold endowed with the metric induced by the restriction of the metric of the ambient space is a
Hermitian complex space. In particular, within this class of examples, we have any complex projective variety
V ⊂ CPn endowed with the Ka¨hler metric induced by the Fubini-Study metric of CPn. We are in position to
state the first result of this section. It is a Sobolev embedding theorem in the setting of compact and irreducible
Hermitian complex space.
Theorem 2.1. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v. Then
we have the following properties:
1. W 1,20 (reg(X), h) = W
1,2(reg(X), h).
2. Assume that v > 1. Then we have a continuous inclusion W 1,2(reg(X), h) ↪→ L 2vv−1 (reg(X), h).
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3. Assume that v > 1. Then we have a compact inclusion W 1,2(reg(X), h) ↪→ L2(reg(X), h).
Proof. According to [4] or [31] we know that (reg(X), h) is parabolic. Now the first property follows by Prop.
4.1 in [3]. The proof of the second property is divided in two steps. First we prove that a Sobolev embedding
exists locally. Then, using a suitable partition of unity, we patch together these local Sobolev embeddings in
order to get a global one. So the first goal is to prove the following statement:
• For every p ∈ X there exists an open neighborhood V of p such that we have a continuous inclusion
W 1,20 (reg(V ), h|reg(V )) ↪→ L
2v
v−1 (reg(V ), h|reg(V )).
If p ∈ reg(X) it is clear that the above statement holds true. Therefore we are left to deal with the case
p ∈ sing(X). Since (X,h) is a Hermitian complex space we know that there exists an open neighborhood U 3 p
in X, a proper holomorphic embedding of U into a polydisc φ : U → DN ⊂ CN and a Hermitian metric g
on DN such that (φ|reg(U))∗g = h|reg(U). Consider an open subset V of X with compact closure such that
p ∈ V and V ⊂ U and let Y := φ(V ). Let g′ = dz21 + ... + dz2N be the standard Ka¨hler metric on CN . Since
φ(V ) ⊂ DN we can find an open subset A of CN with compact closure such that Y ⊂ A ⊂ A ⊂ DN . Hence g|A
and g′|A are quasi isometric and this in turn implies that ζ := (i|reg(Y ))∗g is quasi isometric to ζ ′ := (i|reg(Y ))∗g′
where i : reg(Y ) ↪→ DN is the canonical inclusion. Consider now the Ka¨hler manifold (reg(Y ), ζ ′). By the
fact that (reg(Y ), ζ ′) is a Ka¨hler submanifold of (CN , g′) we know that (reg(Y ), ζ ′) is a minimal submanifold of
(CN , g′), that is its mean curvature vector field vanishes identically, see [13] Lemma 6.26. Therefore the Sobolev
embedding theorem of Michael-Simon, see [19], tells us that we have a continuous inclusion
W 1,20 (reg(Y ), ζ
′) ↪→ L 2vv−1 (reg(Y ), ζ ′). (32)
Since ζ is quasi-isometric to ζ ′ we have a continuous inclusion
W 1,20 (reg(Y ), ζ) ↪→ L
2v
v−1 (reg(Y ), ζ)
and finally, by the fact that φ(V ) = Y and (φ|reg(V ))∗g = h|reg(V ) we get our desired continuous inclusion
W 1,20 (reg(V ), h|reg(V )) ↪→ L
2v
v−1 (reg(V ), h|reg(V )). (33)
This establishes the first step of the proof. Now we start with the second part of the proof. As previously said
now the goal is to patch together these local Sobolev embeddings. In order to achieve this purpose we are going to
build a suitable partition of unity. For every point p ∈ sing(X) let Up be an open neighborhood of p with compact
closure such that there exists a proper holomorphic embedding of Up into a polydisc φp : Up → DN ⊂ CN as
above. Let Vp be another open neighborhood of p such that Vp ⊂ Up. As we have seen above we have
a continuous inclusion W 1,20 (reg(Vp), h|reg(Vp)) ↪→ L
2v
v−1 (reg(Vp), h|reg(Vp)). In the same way, for every point
q ∈ reg(X), consider an open neighborhood Vq with compact closure such that Vq ⊂ reg(X). According to
Prop. 1.1 we have a continuous inclusion W 1,20 (Vq, h|Vq ) ↪→ L
2v
v−1 (Vq, h|Vq ). Hence, since X is compact, we can
find a finite number of points q1, ..., qn ∈ reg(X) and p1, ..., pm ∈ sing(X) such that
W := {Vq1 , ..., Vqn , Vp1 , ..., Vpm}
is a finite open cover of X, Vqi ∩ sing(X) = ∅ for each i = 1, ..., n and the Sobolev embeddings
W 1,20 (reg(Vpj ), h|reg(Vpj )) ↪→ L
2v
v−1 (reg(Vpj ), h|reg(Vpj )) W
1,2
0 (Vqi , h|Vqi ) ↪→ L
2v
v−1 (Vqi , h|Vqi ) (34)
hold for each j = 1, ...,m and i = 1, ..., n. By the fact that X is paracompact and Hausdorff we can find a
continuous partition of unity {αq1 , ..., αqn , βp1 , ..., βpm} subordinated to the open cover W. For any qi with
i ∈ {1, ..., n} let α′qi : reg(X) → R be a smooth function such that α′qi ≥ αqi , supp(α′qi) ⊂ Vqi and α′qi(p) = 1
if αqi(p) = 1. Clearly such a function exists. Likewise for any pj with j ∈ {1, ...,m} consider a continuous
functions β′pj : X → R such that β′pj ≥ βpj , supp(β′pj ) ⊂ Vpj , β′pj (p) = 1 if βpj (p) = 1, and β′pj |reg(X) is
smooth. In order to show that also such a function exists we argue as follows. Let Zpj := φpj (Upj ) and let
Ypj := φpj (Vpj ). Let us define χpj := βpj ◦ φ−1pj . Then χpj : Zpj → R is a continuous function whose support is
contained in Ypj = φpj (Vpj ). Let Apj ⊂ DN be an open subset with compact closure such that Apj ⊂ DN and
Apj ∩ Zpj = Ypj . Let υpj : DN → R be a continuous function such that supp(υpj ) ⊂ Apj and υpj |Ypj = χpj .
Consider now a smooth function
υ˜pj : DN → R (35)
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such that supp(υ˜pj ) ⊂ Apj , υ˜pj ≥ υpj and υ˜pj (x) = 1 if υpj (x) = 1. Finally we define β′pj := υ˜pj ◦ φpj . It is
straightforward to check that β′pj satisfies the required properties. As a next step, for each i ∈ {1, ..., n}, let us
define
γqi :=
α′qi∑n
i=1 α
′
qi +
∑m
j=1 β
′
pj
.
Similarly for each j ∈ {1, ...,m} let us define
γpj :=
β′pj∑n
i=1 α
′
qi +
∑m
j=1 β
′
pj
.
We claim that
{γq1 , ..., γqn , γp1 , ..., γpm} (36)
is a continuous partition of unity subordinated to the open cover W such that:
1. for each i ∈ {1, ..., n} γqi ∈ C∞c (Vqi) ⊂ C∞c (reg(X)),
2. for each j ∈ {1, ...,m} γpj ∈ Cc(Vpj ) ⊂ Cc(X) and γpj |reg(X) ∈ C∞(reg(X)),
3. there exists a constant c > 0 such that
‖dγqi‖L∞Ω1(reg(X),h) ≤ c and ‖d(γpj |reg(X))‖L∞Ω1(reg(X),h) ≤ c (37)
for each i ∈ {1, ..., n} and for each j ∈ {1, ...,m} respectively.
That {γq1 , ..., γqn , γp1 , ..., γpm} is a continuous partition of unity subordinated to the open cover W follows
immediately by the definitions of γqi and γpj . For the same reason the first two points in the above list are
clear. We are therefore left to deal with (37). It is clear that for each i ∈ {1, ..., n} there exists a positive
constant ci such that ‖dγqi‖L∞Ω1(reg(X),h) ≤ ci. Consider now any function γpj with j ∈ {1, ...,m} arbitrarily
fixed. For simplicity let us label ξ :=
∑n
i=1 α
′
qi +
∑m
j=1 β
′
pj . We have
d(γpj |reg(X)) =
ξd(β′pj |reg(X))− β′pjd(ξ|reg(X))
ξ2
.
Clearly we have ξ|reg(X) ∈ L∞(reg(X), h), ξ−2|reg(X) ∈ L∞(reg(X), h) and β′pj |reg(X) ∈ L∞(reg(X), h). Con-
cerning d(β′pj |reg(X)) we have d(β′pj |reg(X)) ∈ L∞Ω1(reg(X), h) if and only if
d(υ˜pj |reg(Ypj )) ∈ L∞Ω1(reg(Ypj ), ζpj )
where we recall that ζpj := (i|reg(Ypj ))∗g, i : reg(Ypj ) ↪→ DN is the canonical inclusion and υ˜pj is defined
in (35). Since υ˜pj ∈ C∞c (Apj ) we have dυ˜pj ∈ L∞Ω1(Apj , g|Apj ) and this in turn implies immediately
that d(υ˜pj |reg(Ypj )) ∈ L∞Ω1(reg(Ypj ), ζpj ), see Prop. 1.2. Therefore we can conclude that d(β′pj |reg(X)) ∈
L∞Ω1(reg(X), h). Concerning d(ξ|reg(X)) we have
‖d(ξ|reg(X))‖L∞Ω1(reg(X),h) = ‖d(
n∑
i=1
α′qi +
m∑
j=1
β′pj |reg(X))‖L∞Ω1 reg(X,h) ≤
n∑
i=1
‖dα′qi‖L∞Ω1(reg(X),h) +
m∑
j=1
‖d(β′pj |reg(X))‖L∞Ω1(reg(X),h) <∞
because, as we have previously seen, dα′qi ∈ L∞Ω1(reg(X), h) and d(β′pj |reg(X)) ∈ L∞Ω1(reg(X), h) for each
i ∈ {1, ..., n} and for each j ∈ {1, ...,m} respectively. Summarizing, for each j ∈ {1, ...,m}, we have
‖d(γpj |reg(X))‖L∞Ω1(reg(X),h) =
∥∥∥∥∥ξd(β′pj |reg(X))− β′pjd(ξ|reg(X))ξ2
∥∥∥∥∥
L∞Ω1(reg(X),h)
≤
‖ξ−2|reg(X)‖L∞(reg(X),h)‖ξ|reg(X)‖L∞(reg(X),h)‖d(β′pj |reg(X))‖L∞Ω1(reg(X),h)+
‖ξ−2|reg(X)‖L∞(reg(X),h)‖d(ξ|reg(X))‖L∞Ω1(reg(X),h)‖β′pj |reg(X)‖L∞(reg(X),h) <∞
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and thus (37) is established.
We are finally in position to show the existence of a continuous inclusion W 1,2(reg(X), h) ↪→ L 2vv−1 (reg(X), h).
To this aim, using the first point of this theorem, it is enough to prove that there exists a constant r > 0 such
that for every f ∈ C∞c (reg(X)) we have
‖f‖
L
2v
v−1 (reg(X),h)
≤ r‖f‖W 1,2(reg(X,h)). (38)
Hence let us consider any f ∈ C∞c (reg(X)). Let us fix an open cover W of X and a subordinated continuous
partition of unity {γq1 , ..., γqn , γp1 , ..., γpm} both as in (36). Obviously fγqi ∈ C∞c (Vqi) for each i ∈ {1, ..., n}
and fγpj ∈ C∞c (reg(Vpj )) for each j ∈ {1, ...,m}. According to (34) there are positive constants ri > 0, sj > 0,
i ∈ {1, ..., n}, j ∈ {1, ...,m} such that:
‖f‖
L
2v
v−1 (reg(X),h)
= ‖
n∑
i=1
γqif +
m∑
j=1
γpjf‖L 2vv−1 (reg(X),h) ≤ ‖
n∑
i=1
γqif‖L 2vv−1 (reg(X),h) + ‖
m∑
j=1
γpjf‖L 2vv−1 (reg(X),h) =
‖
n∑
i=1
γqif‖L 2vv−1 (Vqi ,h|Vqi )
+ ‖
m∑
j=1
γpjf‖L 2vv−1 (reg(Vpj ),h|reg(Vpj ))
≤
n∑
i=1
ri‖γqif‖W 1,20 (Vqi ,h|Vqi )+
m∑
j=1
sj‖γpjf‖W 1,20 (reg(Vpj ),h|reg(Vpj )) =
n∑
i=1
ri‖γqif‖W 1,20 (reg(X),h) +
m∑
j=1
sj‖γpjf‖W 1,20 (reg(X),h) ≤
n∑
i=1
ri‖γqif‖L2(reg(X),h) +
n∑
i=1
ri‖d(γqif)‖L2Ω1(reg(X),h) +
m∑
j=1
sj‖γpjf‖L2(reg(X),h) +
m∑
j=1
sj‖d(γpjf)‖L2Ω1(reg(X),h) ≤
n∑
i=1
ri‖γqif‖L2(reg(X),h) +
n∑
i=1
ri‖γqidf‖L2Ω1(reg(X),h) +
m∑
j=1
sj‖γpjf‖L2(reg(X),h) +
m∑
j=1
sj‖γpjdf‖L2Ω1(reg(X),h)+
n∑
i=1
ri‖fdγqi‖L2Ω1(reg(X),h) +
m∑
j=1
sj‖fd(γpj |reg(X))‖L2Ω1(reg(X),h) ≤
n∑
i=1
ri‖f‖L2(reg(X),h) +
n∑
i=1
ri‖df‖L2Ω1(reg(X),h) +
m∑
j=1
sj‖f‖L2(reg(X),h) +
m∑
j=1
sj‖df‖L2Ω1(reg(X),h)+
‖f‖L2(reg(X),h)
n∑
i=1
ri‖dγqi‖L∞Ω1(reg(X),h) + ‖f‖L2(reg(X),h)
m∑
j=1
sj‖d(γpj |reg(X))‖L∞Ω1(reg(X),h) ≤ r‖f‖W 1,2(reg(X),h)
for some r > 0 sufficiently big. The proof of the second point is thus complete. Finally the third property of
this statement follows by the second one and Prop. 4.3 in [3].
The next result is concerned with the properties of the Friedrichs extension of the Laplace-Beltrami operator.
Theorem 2.2. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v > 1.
Consider the Laplace-Beltrami operator ∆ : C∞c (reg(X))→ C∞c (reg(X)) and let
∆F : L2(reg(X), h)→ L2(reg(X), h) (39)
be its Friedrichs extension. Then (39) has discrete spectrum and
{f ∈ C∞(reg(X)) : f ∈ L2(reg(X), h), df ∈ L2Ω1(reg(X), h), dt(df) ∈ L2(reg(X), h)} (40)
is a core domain for (39).
Let
0 = λ1 < λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (39). Then
lim inf λkk
− 1v > 0 (41)
as k →∞. Finally let
e−t∆
F
: L2(reg(X), h)→ L2(reg(X), h) (42)
be the heat operator associated to (39). Then (42) is a trace class operator and its trace satisfies the following
estimate
Tr(e−t∆
F
) ≤ C volh(reg(X))t−v (43)
for 0 < t ≤ 1 and for some constant C > 0.
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Proof. According to Th. 2.1 we have a continuous inclusion W 1,2(reg(X), h) ↪→ L 2vv−1 (reg(X), h). Therefore, by
Prop. 4.4 in [3], we can conclude that (42) is a trace class operator and its trace satisfies the following estimate
Tr(e−t∆
F
) ≤ C volh(reg(X))t−v
for 0 < t ≤ 1 and for some constant C > 0. Since (42) is a trace class operator we get immediately that (39)
has discrete spectrum. Moreover, by the fact that Tr(e−t∆
F
) =
∑
k∈N e
−tλk ≤ C volh(reg(X))t−v for t ∈ (0, 1],
we get, by applying a classical argument from Tauberian theory as in [33] page 107, that lim inf λkk
− 1v > 0 as
k →∞. Concerning (40) we know that C∞(reg(X)) ∩D(∆F ) is dense in D(∆F ), see for instance Prop. 2.1 in
[3]. Moreover ∆F = dtmax ◦ dmin, see [7] Lemma 3.1, and by the previous theorem we have dmax = dmin which
in turn implies that dtmax = d
t
min. Thereby we have shown that C
∞(reg(X)) ∩ D(∆F ) = {f ∈ C∞(reg(X)) :
f ∈ L2(reg(X), h), df ∈ L2Ω1(reg(X), h), dt(df) ∈ L2(reg(X), h)} and thus we can conclude that (40) is a core
domain for (39). Finally we observe that the third point of Th. 2.1 implies directly that ∆F : L2(reg(X), h)→
L2(reg(X), h) has discrete spectrum. Indeed we have a continuous inclusion D(∆F ) ↪→ W 1,2(reg(X), h) and a
compact inclusion W 1,2(reg(X), h) ↪→ L2(reg(X), h) where D(∆F ) is endowed with the corresponding graph
norm. Hence by composing we get a compact inclusion D(∆F ) ↪→ L2(reg(X), h) and this in turn amounts to
saying that (39) has discrete spectrum.
The next results are concerned with the Friedrichs extension of the Hodge-Kodaira Laplacian acting on
functions.
Proposition 2.1. Let (X,h) be a compact and irreducible Hermitian complex space. There exist positive
constants a and b such that for each f ∈ C∞c (reg(X)) we have
‖df‖2L2Ω1(reg(X),h) ≤ a‖f‖2L2(reg(X),h) + b‖∂f‖2L2Ω0,1(reg(X),h). (44)
Proof. We start with some remarks about the notation that will be used through the proof. As we are going
to use several metrics, given a Hermitian manifold (M,h), in order to avoid any confusion, we will label with
∆h the corresponding Laplace-Beltrami operator. Analogously ∆h
∂
will stand for the associated Hodge-Kodaira
Laplacian (acting on functions). We are now ready for the proof. As in the proof of Th. 2.1 we can find a finite
open cover of X, {V1, ..., Vs}, with a subordinated partition of unity, {γ1, ..., γs}, such that:
• the properties listed in (36)-(37) are fulfilled,
• for each i = 1, ..., s there exists a Ka¨hler metric hi on reg(Vi) such that h|reg(Vi) and hi are quasi-isometric.
Let f ∈ C∞c (reg(X)). Using the fact that fγi ∈ C∞c (reg(Vi)) for each i = 1, ..., s and that for some
c > 0, d > 0 and for each i = 1, ..., s the following inequalities hold ‖∂(γi|reg(X))‖L∞Ω1(reg(X),h) ≤ d and
c−1‖ ‖2L2Ω1(reg(Vi),hi) ≤ ‖ ‖2L2Ω0,1(reg(Vi),h|reg(Vi)) ≤ c‖ ‖
2
L2Ω1(reg(Vi),hi)
, we have:
‖df‖2L2Ω1(reg(X),h) = ‖
s∑
i=1
d(fγi)‖2L2Ω1(reg(X),h) ≤ s
s∑
i=1
‖d(fγi)‖2L2Ω1(reg(X),h) = s
s∑
i=1
‖d(fγi)‖2L2Ω1(reg(Vi),h|Vi ) ≤
sc
s∑
i=1
‖d(fγi)‖2L2Ω1(reg(Vi),hi) = sc
s∑
i=1
〈∆hi(fγi), fγi〉L2(reg(Vi),hi) = 2sc
s∑
i=1
〈∆hi
∂
(fγi), fγi〉L2(reg(Vi),hi) =
2sc
s∑
i=1
‖∂(fγi)‖2L2Ω0,1(reg(Vi),hi) ≤ 2sc2
s∑
i=1
‖∂(fγi)‖2L2Ω0,1(reg(Vi),h|reg(Vi)) = 2sc
2
s∑
i=1
‖∂(fγi)‖2L2Ω0,1(reg(X),h) =
2sc2
s∑
i=1
‖γi∂f + f∂(γi|reg(Vi))‖2L2Ω0,1(reg(X),h) ≤ 2sc2
s∑
i=1
2(‖γi∂f‖2L2Ω0,1(reg(X),h) + ‖f∂(γi|reg(Vi))‖2L2Ω0,1(reg(X),h)) =
4sc2
s∑
i=1
‖γi∂f‖2L2Ω0,1(reg(X),h) + 4sc2
s∑
i=1
‖f∂(γi|reg(Vi))‖2L2Ω0,1(reg(X),h) ≤ 4s2c2‖∂f‖2L2Ω0,1(reg(X),h)+
4sc2
s∑
i=1
‖f‖2L2(reg(X),h)‖∂(γi|reg(Vi))‖2L∞Ω0,1(reg(X),h) ≤ 4s2c2‖∂f‖2L2Ω0,1(reg(X),h) + 4s2c2d2‖f‖2L2(reg(X),h).
In conclusion we showed the existence of two positive constants a = (2sc)2 and b = (2scd)2 such that for each
f ∈ C∞c (reg(X)) we have
‖df‖2L2Ω1(reg(X),h) ≤ a‖f‖2L2(reg(X),h) + b‖∂f‖2L2Ω0,1(reg(X),h).
The proof is thus concluded.
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We have now the following theorems.
Theorem 2.3. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v > 1.
Consider the Hodge-Kodaira Laplacian acting on functions ∆∂ : C
∞
c (reg(X))→ C∞c (reg(X)) and let
∆F
∂
: L2(reg(X), h)→ L2(reg(X), h) (45)
be its Friedrichs extension. We have the following properties:
1. Let f ∈ L2(reg(X), h). Then f ∈ D(∂min) if and only if f ∈ W 1,2(reg(X), h). Moreover the graph norm
induced by ∂min and the norm of W
1,2(reg(X), h) are equivalent. Therefore, at the level of topological
vector spaces, we have the following equality: D(∂min) = W 1,2(reg(X), h).
2. We have a continuous inclusion D(∂min) ↪→ L 2vv−1 (reg(X), h) where D(∂min) is endowed with the corre-
sponding graph norm.
3. The natural inclusion D(∂min) ↪→ L2(reg(X), h) is a compact operator where D(∂min) is endowed with the
corresponding graph norm.
4. The operator ∆F
∂
in (45) has discrete spectrum.
Proof. Clearly given any f ∈ C∞c (reg(X)) we have ‖df‖2L2Ω1(reg(X,h)) = ‖∂f‖2L2Ω1,0(reg(X,h))+‖∂f‖2L2Ω0,1(reg(X,h)).
Joining this observation with Prop.2.1 we have the first property of the above list. The second and the third
properties follow by the first one and Th. 2.1. Finally for the fourth property we argue as follows: according
to [7] Lemma 3.1 we have ∆F
∂
= ∂
t
max ◦ ∂min. Moreover it is easy to check that we have the inequality
‖∂minf‖2L2Ω0,1(reg(X),h) ≤
1
2
(
‖f‖2L2(reg(X),h) + ‖∂
t
max(∂minf)‖2L2(reg(X),h)
)
for each f ∈ D(∆F
∂
). Hence the above inequality tells us that we have a continuous inclusion D(∆F
∂
) ↪→ D(∂min)
where each domain is endowed with the corresponding graph norm. Composing the latter inclusion with
the inclusion D(∂min) ↪→ L2(reg(X), h) we have, thanks to third point above, that the inclusion D(∆F∂ ) ↪→
L2(reg(X), h) is actually a compact inclusion and this is well known to be equivalent to the fact that (45) has
discrete spectrum. The proof is thus complete.
Theorem 2.4. In the setting of Th. 2.3. Let (a, b) be any pair of positive numbers such that (44) holds true.
Let
0 = λ1 < λ2 ≤ λ3 ≤ ... and 0 = µ1 < µ2 ≤ µ3 ≤ ...
be the eigenvalues of (39) and (45) respectively1. Then we have the following inequalities
µk ≤ λk ≤ a+ bµk (46)
for each k ∈ N. As a first consequence we have
lim inf µkk
− 1v > 0 (47)
as k →∞. Finally let
e−t∆
F
∂ : L2(reg(X), h)→ L2(reg(X), h) (48)
be the heat operator associated to (45). Then (48) is a trace class operator and its trace satisfies the following
estimates
e−at Tr(e−tb∆
F
∂ ) ≤ Tr(e−t∆F ) ≤ Tr(e−t∆F∂ ) (49)
and, for each 0 < t ≤ 1,
Tr(e−t∆
F
∂ ) ≤ r volh(reg(X))t−v (50)
where r is some positive constant.
1 0 = µ1 < µ2 is a consequence of the fact that ker(∂min) = C as showed in [30] Th. 1.6 or [26] Th. A.
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Proof. According to the min-max theorem, see for instance [32], we can characterize the eigenvalues of (39) as
λk = inf
F∈Fk∩D(∆F )
sup
f∈F,f 6=0
〈∆Ff, f〉L2(reg(X),h)
‖f‖2L2(reg(X),h)
= inf
F∈Fk∩D(dmin)
sup
f∈F,f 6=0
〈dminf, dminf〉L2Ω1(reg(X),h)
‖f‖2L2(reg(X),h)
where Fk denotes the set of linear subspaces of L
2(reg(X), h) of dimension at most k. Analogously for the
eigenvalues of (45) we have
µk = inf
F∈Fk∩D(∆F
∂
)
sup
f∈F,f 6=0
〈∆F
∂
f, f〉L2(reg(X),h)
‖f‖2L2(reg(X),h)
= inf
F∈Fk∩D(∂min)
sup
f∈F,f 6=0
〈∂minf, ∂minf〉L2Ω0,1(reg(X),h)
‖f‖2L2(reg(X),h)
. (51)
Consider an orthonormal basis of L2(reg(X), h), {φn, n ∈ N}, made by eigensections of (39) such that ∆Fφn =
λnφn. Let us define Fk ∈ Fk as the k-dimensional subspace of L2(reg(X), h) generated by {φ1, ..., φk}. Then,
see for instance [32] page 279, we have
λk = sup
f∈Fk,f 6=0
〈dminf, dminf〉L2Ω1(reg(X),h)
‖f‖2L2(reg(X),h)
.
Hence we have
λk = sup
f∈Fk,f 6=0
〈dminf, dminf〉L2Ω1(reg(X),h)
‖f‖2L2(reg(X),h)
≥ sup
f∈Fk,f 6=0
〈∂minf, ∂minf〉L2Ω0,1(reg(X),h)
‖f‖2L2(reg(X),h)
≥ inf
F∈Fk∩D(∂min)
sup
f∈F,f 6=0
〈∂minf, ∂minf〉L2Ω0,1(reg(X),h)
‖f‖2L2(reg(X),h)
= µk.
This establishes the first part of (46). In order to establish the other inequality let {ψn, n ∈ N} be an
orthonormal basis of L2(reg(X), h) made by eigensections of (45) such that ∆F
∂
ψn = µnψn. Similarly to the
previous case let us define Gk ∈ Fk as the k-dimensional subspace of L2(reg(X), h) generated by {ψ1, ..., ψk}.
Let (a, b) be a pair of positive constants such that (44) holds true. Then, by (44) and Th. 2.3, we have
a+ bµk =
a+ b
(
sup
f∈Gk,f 6=0
〈∂minf, ∂minf〉L2Ω0,1(reg(X),h)
‖f‖2L2(reg(X),h)
)
= sup
f∈Gk,f 6=0
a‖f‖2L2(reg(X),h) + b〈∂minf, ∂minf〉L2Ω0,1(reg(X),h)
‖f‖2L2(reg(X),h)
≥ sup
f∈Gk,f 6=0
〈dminf, dminf〉L2Ω1(reg(X),h)
‖f‖2L2(reg(X),h)
≥ inf
F∈Fk∩D(dmin)
sup
f∈F,f 6=0
〈dminf, dminf〉L2Ω1(reg(X),h)
‖f‖2L2(reg(X),h)
= λk.
This establishes (46). Property (47) follows now easily by (46) and Th. 2.2. Indeed lim inf µkk
− 1v > 0 as
k →∞ if and only if lim inf(a+ bµk)k− 1v > 0 as k →∞ and this last inequality follows by (41) and (46). The
asymptotic inequality (47) implies that
∑
k∈N e
−tµk < ∞ and this allows us to conclude that (48) is a trace
class operator. For each t > 0, we have
∑
k∈N e
−t(a+bµk) ≤ ∑k∈N e−tλk ≤ ∑k∈N e−tµk which in turn implies
that
e−at Tr(e−tb∆
F
∂ ) ≤ Tr(e−t∆F ) ≤ Tr(e−t∆F∂ ).
Finally (50) follows immediately by (43) and (49).
In the remaining part of this section we collect some consequences of the previous theorems.
Corollary 2.1. Let (X,h) be as in Th. 2.1. Let E → X be a holomorphic vector bundle of complex rank s. Let
ρ be a Hermitian metric on E|reg(X). Assume that for each point p ∈ X there exists an open neighborhood U ,
a positive constant c and a holomorphic trivialization ψ : E|U → U ×Cs such that, labeling by σ the Hermitian
metric on reg(U)× Cs induced by ρ through ψ, we have
c−1τ ≤ σ ≤ cτ (52)
where τ is the Hermitian metric on reg(U)×Cs that assigns to each point of reg(U) the standard Ka¨hler metric
of Cs. Let ∂E : C∞c (reg(X), E|reg(X))→ Ω0,1c (reg(X), E|reg(X)) be the associated Dolbeault operator and let
∂E,min : L
2(reg(X), E|reg(X))→ L2Ω0,1(reg(X), E|reg(X))
be its minimal extension. We have the following properties:
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1. The inclusion D(∂E,min) ↪→ L2(reg(X), E|reg(X)) is a compact operator, where D(∂E,min) is endowed with
the corresponding graph norm.
2. The operator ∂
t
E,max ◦ ∂E,min : L2(reg(X), E|reg(X))→ L2(reg(X), E|reg(X)) has discrete spectrum.
Proof. As for instance remarked in the proof of Th. 2.3 it is enough to show only the first property. Let
{sn}n∈N be any bounded sequence in D(∂E,min). Without loss of generality we can assume that {sn}n∈N ⊂
C∞c (reg(X), E). Let us start by considering an open cover W := {Vq1 , ..., Vqn , Vp1 , ..., Vpm} with a subordinated
continuous partition of unity {γq1 , ..., γqn , γp1 , ..., γpm} both as in (36). We recall that Vqi ∩ sing(X) = ∅ for
i = 1, ..., n. Moreover, as in the proof of Th. 2.3, we can assume thatW is made in such a way that for each i ∈
{1, ..., n} there exists a relatively compact open subset Bqi ⊂ Cv with smooth boundary and a biholomorphism
ψi : Vqi → Bqi that extends to a diffeomorphism ψi : Vqi → Bqi . Additionally, without loss of generality,
we can assume that the integers n and m, the points q1, ..., qn, p1, ..., pm and the corresponding neighborhoods
Uq1 , ..., Uqn , Vp1 , ..., Vpm are chosen in such a way that there exist open neighborhoods with compact closure
V˜q1 , ..., V˜qn , V˜p1 , ..., V˜pm such that Vqi ⊂ V˜qi , there is a holomorphic trivialization ψqi : E|V˜qi → V˜qi × C
s,
Vpj ⊂ V˜pj and there is a holomorphic trivialization ψpj : E|V˜pj → V˜pj × C
s that satisfies (52). Consider now
the sequence {γpjsn}n∈N ⊂ C∞c (reg(Vpj ), E|reg(Vpj )) for an arbitrary j ∈ {1, ...,m}. Let ψpj : E|Vpj → Vpj ×Cs
be a holomorphic trivialization that obeys (52). Let {fpj ,n}n∈N ⊂ C∞c (reg(Vpj ),Cs) be the sequence given by
fpj ,n := ψpj ◦ (γpjsn). For each n ∈ N let (fpj ,1,n, ..., fpj ,s,n) be the s components of fpj ,n. By the assumptions,
in particular (37) and (52), we have that {fpj ,n}n∈N is a bounded sequence in D(∂min), the domain of
∂min : L
2(reg(Vpj ),Cs)→ L2(reg(Vpj ),Λ0,1(reg(Vpj ))⊗ Cs) (53)
where in (53) Λ0,1(reg(Vpj )) is endowed with the Hermitian metric induced by h and reg(Vpj )×Cs is endowed
with τ , see (52). The fact that {fpj ,n}n∈N is a bounded sequence in the domain of (53) implies in turn that
{fpj ,1,n}n∈N,...,{fpj ,s,n}n∈N are s bounded sequences in the domain of
∂min : L
2(reg(Vpj ), h|reg(Vpj ))→ L2Ω0,1(reg(Vpj ), h|reg(Vpj )). (54)
Therefore as a consequence of Th. 2.3 we can deduce the existence of a countable subset A ⊂ N such that
{fpj ,1,n}n∈A,...,{fpj ,s,n}n∈A are s convergent sequences in L2(reg(Vpj ), h|reg(Vpj )). Clearly this is equivalent to
saying that {(fpj ,1,n, ..., fpj ,s,n)}n∈A is a convergent sequence in L2(reg(Vpj ),Cs), where reg(Vpj )×Cs is endowed
with τ , and finally this amounts to saying that {γpjsn}n∈A is a convergent sequence in L2(reg(Vpj ), E|reg(Vpj )).
Clearly arguing in the same way we can show the existence of a convergent subsequence of {γqisn}n∈N for each
i ∈ {1, ..., n}. Summarizing we have proved the existence of an open cover W = {Vq1 , ..., Vqn , Vp1 , ..., Vpm} of
X with a subordinated continuous partition of unity {γq1 , ..., γqn , γp1 , ..., γpm} such that {γpjsn}n∈N admits a
convergent subsequence in L2(reg(X), E|reg(X)) for each j ∈ {1, ...,m} and analogously {γqisn}n∈N admits a
convergent subsequence in L2(reg(X), E|reg(X)) for each i ∈ {1, ..., n}. It is now straightforward to check that
{sn}n∈N admits a convergent subsequent in L2(reg(X), E|reg(X)). The proof is thus concluded.
We add the following remark to the previous corollary. Let (X,h) and p : E → X be as in Cor. 2.1. Let
pi : M → X be a resolution of X. Let F := p∗E and let υ be any Hermitian metric on F . Finally let us define
ρ as the Hermitian metric on E|reg(X) such that (pi|M\D)∗ρ = υ|M\D where D = pi−1(sing(X)). Then it is easy
to check that (X,E, ρ) satisfy the assumptions of Cor. 2.1.
Corollary 2.2. Let (X,h) be as in Th. 2.1. Let E be a vector bundle over reg(X) endowed with a metric τ .
Finally let ∇ : C∞(reg(V ), E) → C∞(reg(V ), T ∗ reg(X) ⊗ E) be a metric connection. We have the following
properties:
• W 1,2(reg(X), E) = W 1,20 (reg(X), E).
• Assume that v > 1. Then there exists a continuous inclusion W 1,2(reg(X), E) ↪→ L 2vv−1 (reg(X), E).
• Assume that v > 1. Then the inclusion W 1,2(reg(X), E) ↪→ L2(reg(X), E) is a compact operator.
Proof. According to [4] or [31] we know that (reg(X), h) is parabolic. Now the statement follows by Th. 2.1
and Prop. 4.1 in [3].
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Corollary 2.3. Let (X,h) be as in Theorem 2.1. Let E and F be two vector bundles over reg(X) endowed
respectively with metrics τ and ρ. Finally let ∇ : C∞(reg(X), E) → C∞(M,T ∗ reg(X) ⊗ E) be a metric
connection. Consider a first order differential operator of this type:
D := θ0 ◦ ∇ : C∞c (reg(X), E)→ C∞c (reg(X), F ) (55)
where θ0 ∈ C∞(reg(X),Hom(T ∗ reg(X)⊗ E,F )). Assume that θ0 extends as a bounded operator
θ : L2(reg(X), T ∗ reg(X)⊗ E)→ L2(reg(X), F ).
Then we have the following inclusion:
D(Dmax) ∩ L∞(reg(X), E) ⊂ D(Dmin). (56)
In particular (56) holds when D is the de Rham differential dk : Ω
k
c (reg(X))→ Ωk+1c (reg(X)), a Dirac operator
D : C∞c (reg(X), E)→ C∞c (reg(X), E) or the Dolbeault operator ∂p,q : Ωp,qc (reg(X))→ Ωp,q+1c (reg(X)).
Proof. This follows by the fact that (reg(X), h) is parabolic and Prop. 4.2 in [3]
We point out that in the above corollary the case of the Dolbeault operator has been already treated
in [31]. Consider again a compact and irreducible Hermitian complex space (X,h) of complex dimension v.
Let reg(X) be its regular part and let E be a vector bundle over reg(X) endowed with a metric σ. Finally let
∇ : C∞(reg(V ), E)→ C∞(reg(V ), T ∗M⊗E) be a metric connection. We consider a Schro¨dinger-type operators
∇t ◦ ∇+ L (57)
where ∇t : C∞c (reg(X), T ∗M ⊗E)→ C∞c (reg(X), E) is the formal adjoint of ∇ and L ∈ C∞(reg(X),End(E)).
Corollary 2.4. Let V , E, σ, h, L and ∇ be as described above. Assume v > 1. Let
P := ∇t ◦ ∇+ L, P : C∞c (reg(X), E)→ C∞c (reg(X), E)
be a Schro¨dinger type operator. Assume that:
• P is symmetric and positive.
• There is a constant c ∈ R such that, for each s ∈ C∞(reg(V ), E), we have
σ(Ls, s) ≥ cσ(s, s).
Let PF : L2(reg(X), E) → L2(reg(X), E) be the Friedrichs extension of P and let ∆F : L2(reg(X), g) →
L2(reg(X), g) be the Friedrichs extension of ∆ : C∞c (reg(X))→ C∞c (reg(X)). Then the heat operator associated
to PF
e−tP
F
: L2(reg(X), E) −→ L2(reg(X), E)
is a trace class operator and its trace satisfies the following inequality:
Tr(e−tP
F
) ≤ me−tc Tr(e−t∆F ). (58)
where m is the rank of the vector bundle E.
Proof. This follows by Th. 2.1 and Prop. 4.5 in [3].
Corollary 2.5. In the setting of Cor. 2.4. The operator PF : L2(reg(X), E) → L2(reg(X), E) has discrete
spectrum. Moreover, for t ∈ (0, 1], we have the following inequality:
Tr(e−tP
F
) ≤ m volh(reg(X))Ce−tct−v (59)
where C is the same constant appearing in (43). Let {λk} be the sequence of eigenvalues of PF : L2(reg(V ), E)→
L2(reg(V ), E). Then we have the following asymptotic inequality:
lim inf λkk
− 1v > 0 (60)
as k →∞.
15
Proof. This follows immediately by Cor. 2.4 and Th. 2.2.
Corollary 2.6. Under the assumptions of Cor. 2.4. Then we have the following properties:
1. e−tP
F
is a ultracontractive operator for each 0 < t ≤ 1. This means that for each 0 < t ≤ 1 there exists a
positive constant Ct > 0 such that
‖e−tPF s‖L∞(reg(X),E) ≤ Ct‖s‖L1(reg(X),E)
for each s ∈ L1(reg(X), E). In particular, for each 0 < t ≤ 1, e−tPF : L1(reg(X), E) → L∞(reg(X), E)
is continuous.
2. If s is an eigensection of PF : L2(reg(X), E)→ L2(reg(X), E) then s ∈ L∞(reg(X), E).
Proof. This follows by Cor. 2.4 and Prop. 4.6 in [3].
We conclude this section with the following application.
Corollary 2.7. In the setting of Th. 2.1. Let φ be an eigenfunction of ∆F : L2(reg(X), h) → L2(reg(X), h).
Then φ ∈ L∞(reg(X)).
Proof. This follows immediately by Cor. 2.6.
3 The Hodge-Kodaira Laplacian on possibly singular complex sur-
faces
In this section we extend to the setting of compact and irreducible Hermitian complex spaces of complex
dimension 2 some of the results proved in [2] in the case of complex projective surfaces endowed with the
Fubini-Study metric. Since many of the following results follow by the same strategy used in [2] we will omit
the details in the proofs and we will refer directly to the corresponding results in [2].
Theorem 3.1. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension v = 2.
For each q = 0, 1, 2 we have the following properties:
1. ∆∂,2,q,abs : L
2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h) has discrete spectrum.
2. ∂2,max + ∂
t
2,min : L
2Ω2,•(reg(X), h)→ L2Ω2,•(reg(X), h) has discrete spectrum.
3. ∆F
∂,2,q
: L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h) has discrete spectrum.
Proof. We start by considering the operator ∆∂,2,0,abs : L
2Ω2,0(reg(V ), h) → L2Ω2,0(reg(V ), h). In this case
the statement is a particular case of Th. 5.1 in [2]. Now we deal with ∆∂,2,2,abs : L
2Ω2,2(reg(X), h) →
L2Ω2,2(reg(X), h). By Prop. 1.4 we have ∗(c(D(∆∂,2,2,abs))) = D(∆∂,rel) and ∗ ◦ c ◦∆∂,2,2,abs = ∆∂,rel ◦ ∗ ◦ c.
We are therefore left to prove that ∆∂,rel : L
2(reg(X), h) → L2(reg(X), h) has discrete spectrum. This follows
by Th. 2.3 because when (p, q) = (0, 0) we have ∆∂,rel = ∂
t
max ◦ ∂min = ∆F∂ . It remains to show that
∆∂,2,1,abs : L
2Ω2,1(reg(X), h)→ L2Ω2,1(reg(X), h) has discrete spectrum. This in turn is equivalent to showing
that the inclusion
D(∆∂,2,1,abs) ↪→ L2Ω2,1(reg(X), h) (61)
is a compact operator where D(∆∂,2,1,abs) is endowed with the corresponding graph norm. According to [30]
we know that H2,q
2,∂max
(reg(X), h) is finite dimensional for each q. Therefore, using [6] Th. 2.4, we can conclude
that, for each q = 0, ..., 2, im(∂2,q,max) is closed and that ∆∂,2,q,abs : L
2Ω2,q(reg(X), h) → L2Ω2,q(reg(X), h)
is a Fredholm operator on its domain endowed with the graph norm. Hence, by the fact that ∆∂,2,1,abs :
L2Ω2,1(reg(X), h) → L2Ω2,1(reg(X), h) is Fredholm and self-adjoint, we know now that (61) is a compact
operator if and only if the following inclusion is a compact operator(
D(∆∂,2,1,abs) ∩ im(∆∂,2,1,abs)
)
↪→ L2Ω2,1(reg(X), h) (62)
where
(
D(∆∂,2,1,abs) ∩ im(∆∂,2,1,abs)
)
is endowed with the graph norm of ∆∂,2,1,abs. Now the conclusion follows
by arguing as in the proof of the first point of Th. 5.3 in [2]. Finally the second and the third point of this
theorem follow by using the same arguments used to show the second and the third point of Th. 5.2 in [2].
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Theorem 3.2. In the setting of Th. 3.1. Let q ∈ {0, 1, 2} and consider the operator
∆∂,2,q,abs : L
2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h). (63)
Let
0 ≤ λ1 ≤ λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (63). Then we have the following asymptotic inequality
lim inf λkk
− 12 > 0 (64)
as k →∞.
Consider now the heat operator associated to (63)
e−t∆∂,2,q,abs : L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h). (65)
Then (65) is a trace class operator and its trace satisfies the following estimate
Tr(e−t∆∂,2,q,abs) ≤ Cqt−2 (66)
for t ∈ (0, 1] and some constant Cq > 0.
Proof. The case q = 0 follows by Th. 5.1 in [2]. Consider now the case q = 2. Then, as pointed out in the proof
of Th. 3.1, we have ∗ ◦ c ◦∆∂,2,2,abs = ∆F∂ ◦ ∗ ◦ c. Therefore the case q = 2 follows by Th. 2.4. Finally the case
q = 1 follows by using the same arguments used in the proof of Th. 5.4 in [2].
As a consequence of the previous theorem we retrieve the McKean-Singer formula for the L2-∂-complex
(L2Ω2,q(reg(X), h), ∂2,q,max) in the setting of compact and irreducible Hermitian complex spaces of complex
dimension 2. Consider the operator
∂2,0,max + ∂
t
2,1,min : L
2Ω2,0(reg(X), h)⊕ L2Ω2,2,(reg(X), h)→ L2Ω2,1(reg(X), h) (67)
whose domain is D(∂2,0,max)⊕D(∂t2,1,min) ⊂ L2Ω2,0(reg(X), h)⊕ L2Ω2,2,(reg(X), h). Its adjoint is
∂2,1,max + ∂
t
2,0,min : L
2Ω2,1(reg(X), h)→ L2Ω2,0(reg(X), h)⊕ L2Ω2,2,(reg(X), h) (68)
with domain given by D(∂2,1,max) ∩ D(∂t2,0,min) ⊂ L2Ω2,1(reg(X), h). In order to state the next results we also
need to recall briefly the existence of a resolution of singularities. This is a deep topic in complex analytic
geometry and we refer to the celebrated work of Hironaka [15], to [5] and to [14] for a thorough discussion on
this subject. Furthermore we refer to [11] and to [18] for a quick introduction. Below we simply recall what is
strictly necessary for our purposes.
Let X be a compact irreducible complex space. Then there exists a compact complex manifold M , a divisor
with only normal crossings D ⊂M and a surjective holomorphic map pi : M → X such that pi−1(sing(X)) = D
and
pi|M\D : M \D −→ X \ sing(X) (69)
is a biholomorphism. We have now all the ingredients to state the next corollary.
Corollary 3.1. In the setting of Th. 3.2. Let us label by (∂2,max + ∂
t
2,min)
+ the operator defined in (67). Then
(∂2,max + ∂
t
2,min)
+ is a Fredholm operator on its domain endowed with the graph norm and its index satisfies
ind((∂2,max + ∂
t
2,min)
+) =
2∑
q=0
(−1)q Tr(e−t∆∂,2,q,abs). (70)
In particular we have
χ(M,KM ) =
2∑
q=0
(−1)q Tr(e−t∆∂,2,q,abs) (71)
where pi : M → X is any resolution of X, KM is the sheaf of holomorphic (2, 0)-forms on M and χ(M,KM ) =∑2
q=0(−1)q dim(Hq(M,KM )).
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Proof. That (∂2,max + ∂
t
2,min)
+ is a Fredholm operator is clear from Th. 3.1. The equality (70) follows by the
fact that
ind((∂2,max + ∂
t
2,min)
+) =
2∑
q=0
(−1)q ker(∆∂,2,q,abs) =
2∑
q=0
(−1)q Tr(e−t∆∂,2,q,abs)
see for instance the proof of Cor. 5.3 in [2] for the details. The equality (71) follows by (70) and the results
established in [30].
Theorem 3.3. In the setting of Th. 3.2. Let q ∈ {0, 1, 2} and consider the operator
∆F
∂,2,q,
: L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h) (72)
that is the Friedrichs extension of ∆∂,2,q : Ω
2,q
c (reg(X))→ Ω2,qc (reg(X)). Let
0 ≤ µ1 ≤ µ2 ≤ ... ≤ µk ≤ ...
be the eigenvalues of (72) and let
0 ≤ λ1 ≤ λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (63). Then we have the following inequality for every k ∈ N
λk ≤ µk. (73)
In particular we have
lim inf µkk
− 12 > 0 (74)
as k →∞.
Consider now the heat operator associated to (72)
e
−t∆F
∂,2,q : L2Ω2,q(reg(X), h)→ L2Ω2,q(reg(X), h). (75)
Then (75) is a trace class operator and
Tr(e
−t∆F
∂,2,q ) ≤ Tr(e−t∆∂,2,q,abs). (76)
In particular we have the following estimate for Tr(e
−t∆F
∂,2,q )
Tr(e
−t∆F
∂,2,q ) ≤ Bqt−2 (77)
for t ∈ (0, 1] and some constant Bq > 0.
Proof. The inequality (73) follows by the min-max Theorem arguing as in the proof of Th. 5.5 in [2]. The
remaining properties follow now immediately using (73) and Th. 3.2.
We have the following application concerning forms of bi-degree (1, 0).
Theorem 3.4. In the setting of Th. 3.2. Assume moreover that h is Ka¨hler. Consider the operator
∆F
∂,1,0
: L2Ω1,0(reg(X), h)→ L2Ω1,0(reg(X), h) (78)
that is the Friedrichs extension of ∆∂,1,0 : Ω
1,0
c (reg(X))→ Ω1,0c (reg(X)). Then (78) has discrete spectrum. Let
0 ≤ µ1 ≤ µ2 ≤ ... ≤ µk ≤ ...
be the eigenvalues of (78). We have the following asymptotic inequality
lim inf µkk
− 12 > 0 (79)
as k →∞.
Finally consider the heat operator associated to (78)
e
−t∆F
∂,1,0 : L2Ω1,0(reg(X), h)→ L2Ω1,0(reg(X), h). (80)
Then (80) is a trace class operator and its trace satisfies the following estimate
Tr(e
−t∆F
∂,1,0) ≤ Ct−2 (81)
for t ∈ (0, 1] and some constant C > 0.
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Proof. Using (25) and the Hodge star operator we have ∗ ◦ ∆∂,2,1 = ∆∂,1,0 ◦ ∗ on Ω2,1c (reg(X)). It is easy
to check that the previous equality implies that ∗(D(∆F
∂,2,1
)) = D(∆F∂,1,0) and that ∗ ◦ ∆F∂,2,1 = ∆F∂,1,0 ◦ ∗
on D(∆F
∂,2,1
). Moreover, by the Ka¨hler identities, we have ∆∂,1,0 = ∆∂,1,0 on Ω
1,0
c (reg(X)) and therefore
∆F∂,1,0 = ∆
F
∂,1,0
on L2Ω1,0(reg(X), h) as unbounded self-adjoint operators. Summarizing we have shown that
∗(D(∆F
∂,2,1
)) = D(∆F
∂,1,0
) and that ∗ ◦∆F
∂,2,1
= ∆F
∂,1,0
◦ ∗ on D(∆F
∂,2,1
). Now all the statements of this theorem
follows by Th. 3.3.
In the last part of this section we gather various corollaries that arise, through (26) and Prop. 1.4, as
immediate consequences of the results proved so far.
Corollary 3.2. In the setting of Th. 3.1. For each q = 0, 1, 2 the operator
∆∂,0,q,rel : L
2Ω0,q(reg(X), h)→ L2Ω0,q(reg(X), h) (82)
has discrete spectrum. Let
0 ≤ λ1 ≤ λ2 ≤ ... ≤ λk ≤ ...
be the eigenvalues of (82). Then we have the following asymptotic inequality
lim inf λkk
− 12 > 0 (83)
as k →∞.
Finally consider the heat operator associated to (82)
e−t∆∂,0,q,rel : L2Ω0,q(reg(X), h)→ L2Ω0,q(reg(X), h). (84)
Then (84) is a trace class operator and we have the following estimate for its trace
Tr(e−t∆∂,0,q,rel) ≤ Cqt−2 (85)
for t ∈ (0, 1] and some constant Cq > 0.
Proof. Using (26) and Prop. 1.4 we have that any form ω ∈ L2Ω2,q(reg(X), h) lies in D(∆∂,2,q,abs) if and only
if c(∗ω) ∈ D(∆∂,0,2−q,rel) and if this is the case then we have c(∗(∆∂,2,q,absω)) = ∆∂,0,2−q,rel(c(∗ω)). Since
c ◦ ∗ : L2Ω2,q(reg(X), h) → L2Ω0,2−q(reg(X), g) is a continuous and bijective C-antilinear isomorphism with
continuous inverse the conclusion follows now by Th. 3.1 and Th. 3.2.
Corollary 3.3. In the setting of Th. 3.1. For each q = 0, 1, 2 the operator
∆F
∂,0,q
: L2Ω0,q(reg(X), h)→ L2Ω0,q(reg(X), h) (86)
has discrete spectrum. Let
0 ≤ µ1 ≤ µ2 ≤ ... ≤ µk ≤ ...
be the eigenvalues of (86). Then we have the following inequality
µk ≥ λk
where 0 ≤ λ1 ≤ ... ≤ λk ≤ ... are the eigenvalues of (82). Moreover we have the following asymptotic inequality
lim inf µkk
− 12 > 0 (87)
as k →∞.
Consider the heat operator associated to (86)
e
−t∆F
∂,0,q : L2Ω0,q(reg(X), h)→ L2Ω0,q(reg(X), h). (88)
Then (88) is a trace class operator. We have the following inequality
Tr(e
−t∆F
∂,0,q ) ≤ Tr(e−t∆∂,0,q,rel)
for every t > 0 and furthermore Tr(e
−t∆F
∂,0,q ) satisfies the following estimate
Tr(e
−t∆F
∂,0,q ) ≤ Cqt−2 (89)
for t ∈ (0, 1] and some constant Cq > 0.
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Proof. This corollary follows by Th. 3.1 and Th. 3.3 using (26) and Prop. 1.4 as in the proof of Cor. 3.2.
Corollary 3.4. In the setting of Th. 3.4. The operator
∆F
∂,1,2
: L2Ω1,2(reg(X), h)→ L2Ω1,2(reg(X), h) (90)
has discrete spectrum. Let
0 ≤ µ1 ≤ µ2 ≤ ... ≤ µk ≤ ...
be the eigenvalues of (90). Then we have the following asymptotic inequality
lim inf µkk
− 12 > 0 (91)
as k →∞.
Finally consider the heat operator associated to (90)
e
−t∆F
∂,1,2 : L2Ω1,2(reg(X), h)→ L2Ω1,2(reg(X), h). (92)
Then (92) is a trace class operator and its trace satisfies the following estimate
Tr(e
−t∆F
∂,1,2) ≤ Ct−2 (93)
for t ∈ (0, 1] and some constant C > 0.
Proof. This corollary follows by Th. 3.4 using (26) and Prop. 1.4 as in the proof of Cor. 3.2.
We conclude the paper with the following McKean-Singer formula concerning (L2Ω0,q(reg(X), h), ∂0,q,min).
Let X and h be as in Th. 3.1. Consider the operator
∂min + ∂
t
0,1,max : L
2(reg(X), h)⊕ L2Ω0,2(reg(X), h)→ L2Ω0,1(reg(X), h) (94)
whose domain is D(∂min)⊕D(∂t0,1,max) ⊂ L2(reg(X), h)⊕ L2Ω0,2(reg(X), h). Its adjoint is
∂0,1,min + ∂
t
max : L
2Ω0,1(reg(X), h)→ L2(reg(X), h)⊕ L2Ω0,2(reg(X), h) (95)
with domain given by D(∂0,1,min) ∩ D(∂tmax) ⊂ L2Ω0,1(reg(X), h).
Corollary 3.5. In the setting of Th. 3.2. Let us label by (∂0,min + ∂
t
0,max)
+ the operator defined in (94). Then
(∂0,min + ∂
t
0,max)
+ is a Fredholm operator on its domain endowed with the graph norm and
ind((∂0,min + ∂
t
0,max)
+) =
2∑
q=0
(−1)q Tr(e−t∆∂,0,q,rel). (96)
In particular we have
χ(M,OM ) =
2∑
q=0
(−1)q Tr(e−t∆∂,0,q,rel) (97)
where pi : M → X is any resolution of X and χ(M,OM ) =
∑2
q=0(−1)q dim(H0,q∂ (M)).
Proof. The equality (96) can be proved arguing as in the proof of (70). The equality (97) follows by (96) and
the results established in [30].
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